INTRODUCTION
The concept of a triangular norm is due to Menger [28] , and it was studied from algebraic and topological points of view in fields like Probabilistic Metric Spaces (Wald [39] , Schweizer and Sklar [34] [35] [36] [37] ), Multivalued Logic (Rose and Rosser [30] , Hamacher [ 17] ), and Semigroups (Climescu [ll] , Schweizer and Sklar [36] , Paalman-de Miranda [29] , Ling [27] , .
Frank [lS] has shown that the class of continuous triangular norms T, which together with their corresponding triangular conorms S satisfy the equation T(x, y) + S(x, y) = x + y, consists of the ordinal sums of sequences of "fundamental" triangular norms and conorms. 111
Triangular norm-based measures (T-measures) appear under various names, and in specific analytical forms, in fields ranging from A4uthematical Statistics (Dvoretzki, Wald, and Wolfowitz [13] , Aczel and Alsina [2] ), to Capacity Theory (Frank [lS] ), Probability and Measure Theory (Schmidt [31] , Klement et al. [25, Butnariu [S, 6] ), Pattern Recognition (Sugeno [38] ), Game Theory (Aumann and Shapley [4] , Aubin [3] , Butnariu [7, 9 , lo]), etc. In this paper we study the triangular norm-based measures in their proximal context, namely T-measures defined on subsets of the unit cube [0, l]", which are triangular norm-based tribes (T-tribes). The main purpose is to find out whether, or under which conditions, T-measures can be represented as integrals of specific Markov kernels. We concentrate on fundamental triangular norm-based T-measures mainly because this class of T-measures is of interest in most of the applications mentioned above. One may also note that there are classes of nonfundamental triangular norms, on which no nontrivial T-measure is based (cf. Klement [24] ).
We first deal with T-tribes, the main result being Theorem 2.1 showing that any fundamental triangular norm based T-tribe Y consists of functions, which are measurable with respect to the intrinsic a-algebra f" corresponding to Y (i.e., with respect to the o-algebra of those sets whose characteristic functions belong to .Y). In this context, we give a characterization of the generated T-tribes introduced by Klement [22] -see Theorem 2.1 and Remark 2.3. Theorem 2.1 allows the deduction (see Section 5) that on a fundamental triangular norm based tribe .Y any function m of the form is a well-defined monotone T-measure, provided g, h are nonnegative Y "-measurable functions, and p is a probability measure on Y ". The question is whether any monotone T-measure on Y is of the form (*). In fact, this is equivalent to the question whether any T-measure is disintegrable by a Markov kernel, and it is not essentially new. It arises implicitly in many works dealing with T-measures, and it was already known that for fundamental triangular norm-based measures on generated T-tribes Y the answer is affirmative (cf. Klement [24] ). Also, it was previously known that, even if Y is nongenerated, T, -based measures are necessarily of the form (*) (cf. Butnariu [ lo]-see also Theorem 4.1). The main result of the paper is Theorem 5.3 showing that, in general, each finite monotone fundamental triangular norm-based measure can be uniquely decomposed into a sum of a T-measure of the form (*) and a monotonically irreducible T-measure m* (that is a T-measure which is either identically zero, or such that there is no T-measure of the form (*) differing monotonically from m*).
The relevance of our results may be seen under several aspects. First, we describe analytically a large class of T-tribes, which are in fact abstractions of the concept of a Boolean ring (see Schmidt [32] ), and we characterize fundamental triangular norm-based measures defined on general T-tribes. These are among the generalizations of ordinary probability measures naturally involved in problems of Pattern Recognition and Plausihilit!, Theory (cf. Sugeno [38] , Hohle and Klement [ 18] ), Automata Theory ( Eilenberg [ 143 ) , Capacity Theory (Frank [ 15 ] ), Mathematical Economics (Aczel and Alsina [2] ), and Game Theory (Butnariu [lo] ). On the other hand, one may look at our results from a probabilistic point of view. In such a context, Theorems 3.5 and 4.1 say that fundamental triangular norm-based T-measures, which are defined on generated T-tribes and T, -measures on arbitrary T, -tribes, are "totally disintegrable" (i.e., they can be written as integrals of Markov kernels). Theorem 5.3 implies that, in general, fundamental triangular norm-based measures are disintegrable up to a hard core which is essentially irreducible. These facts open a way to a proof that on a significant space of coalitional games (known in the literature as PM) a maximally monotone multiualued oalue operator exists. On the other hand, Theorem 4.1 allows formulation of an alternative interpretation of the concept of Lebesgue integral; i.e., it shows that a Lebesgue integral on the set X is precisely a T, -measure on a T, -tribe in the unit cube [0, 11 X.
Finally, we must point out that our representation theorems for triangular norm-based measures are valid for monotone T-measures only. The question whether they are true for nonmonotone T-measures, too, is equivalent to whether for triangular norm-based measures there exist Jordan decompositions (by monotone T-measures). It follows from a result of Schmidt [31] that T-measures on T-tribes can be written as differences of monotone T-countable additive functions, but this does not mean automatically that for T-measures Jordan decompositions exist (except in the case of TX-measures, where Schmidt's results apply according to Example 3.2 (iii) and Remark 4.2 (iii)).
TRIANGULAR NORMS. T-CLANS AND T-TRIBES
A triangular norm (t-norm for short) is a two-place function T: [ 
This is a "continuous" family of t-norms in the sense that lim,, f T, = T,.
Moreover, each pair (T,, S,) satisfies the functional equation W is not Archimedean (and hence not strict) and not continuous. It is the "smallest" t-norm, and the fundamental t-norm r, is the "largest" t-norm, i.e., for any t-norm T we have Given a t-norm T and its corresponding t-conorm S their associativity allows to extend them to n-ary operations T;=, : h"(a) we obtain the equality h(b) = h(lim, _ ~ h"(a)) = lim,, cc h" + '(a) = b which implies b = 0. Since the sequence {hn(a)),eN is a subsequence of the convergent sequence UT=, 4nsw our result follows. 1 Zf T is a t-norm which is either fundamental or the ordinal sum of a family of fundamental t-norms, then T, < T < T,.
(ii) Zf 0 <s < 1 < t < 00, and T, and T, are the corresponding fundamental t-norms, then T, ,< T, d T,v.
Proof: (i) Let T be a t-norm which is either fundamental or the ordinal sum of a family of fundamental t-norms. If T is fundamental, then T, < T because T and its corresponding t-conorm S satisfy (1) . If T itself is not fundamental but an ordinal sum of a family of fundamental t-norms and this, together with Td TO completes the proof of (i).
(ii) Consider two fundamental t-norms T, and T, with O<s<l<t<co.
If x~{O,lj or y~{O,l), then T,(~,y)=T~(x,y)= T,(x, y). It remains to show that if x, y E 10, 1[ then Tt(x, y) d T,(x, y) d T,(x, y). The first inequality is equivalent to log l+(t"-l)+Y-l)
This inequality is equivalent to ix-1 f-l 6-P-1 tY-1 (X, YElO, 1Lf>l) and, substituting u = t", to Let T be a t-norm and S be its corresponding t-conorm. We extend T and S to [0, 11" pointwise, i.e., (A T B)(x)= T(A(x), B(x)) and (A S B)(x) = S(A(x), B(x)). These operations can be considered as "intersection" and "union" of fuzzy subsets, respectively. Also, finite (countable) where the "complement" A' is defined by A'(x)= 1 -A(x). Restricted to ordinary sets (i.e., characteristic functions), these operations coincide with intersection, union, and complement, respectively, regardless which t-norm and t-conorm is considered. The class [0, 11" of the fuzzy subsets of X together with the operations T and S form a partially ordered commutative semigroup having 121 as smallest (and as null) element and X as largest (and as unit) element. However, [0, 1-J" provided with the operations T, S, and the complement ""' is not a Boolean algebra. It is not even a lattice, except in the case T= To and S = S,. In general, T and S are not distributive with respect to each other, A T A' may be different from 0 and A S A' may be different from X. Let T be a t-norm. A subfamily '?2 of [0, 11" containing 0 and being closed under the operation T and under complementation will be called a T-clan. Obviously, by the duality of T and S, the closedness with respect to T can be replaced by the closedness with respect to S in the definition above.
1.3 EXAMPLE. (i) Since we identify ordinary subsets of X with their characteristic functions, any algebra of subsets of X is a T-clan with respect to any t-norm T.
(ii) For any n E N the family 9?,JX) = {0, l/n, . . . . (n -1 )/n, 1 } x is a T-clan for T = To, and also for T = T, , but not with respect to any other fundamental t-norm.
(iii) If the r-norm T is continuous (measurable), and if X is a topological (measurable) space, then the family of all continuous (measurable) fuzzy subsets of X is a T-clan.
A T-clan r which is also closed under countable "intersections," i.e., which satisfies is called a T-tribe. A pair (X, y), where X is a set and y is a T-tribe, is called a T-measurable space.
1.4 EXAMPLE. (i) Obviously, not any T-clan is a T-tribe. For instance, the family of all constant functions on X with values in Q n [0, 11 is a T,-clan but not a T,-tribe.
(ii) Any o-algebra of subsets of X is a T-tribe with respect to any t-norm T.
(iii) Given a o-algebra d of subsets of X, the family d" of all d-measurable fuzzy subsets of X is a T-tribe with respect to any Borelmeasurable t-norm T.
(iv) Given a T-tribe y-, the family TV of all characteristic functions contained in 5 is a a-algebra, and hence a T-tribe.
(v) (Klement [20] ) The family y consisting of all fuzzy subsets of X= [0, l] which are either constant or have all their values in the interval [i, f] is a T-tribe in the case T= Wand for T= T,, but it is not a T-tribe for T= T, with t E 10, co]. It is interesting to note that there is no a-algebra of sets d such that y = & h.
(vi) (Klement [22] ) If in Example (v) we additionally require all elements of y to be continuous, then r is a W-tribe but not a To-tribe.
(vii) Consider a nonempty subset Y of X such that Y # X. The family F of fuzzy subsets of X which are constant on Y and assume only values 0 and 1 outside of Y, is a T-tribe with respect to any t-norm T, but it does not contain any constant fuzzy subset (except 0 and X). 
The expansion of the logarithms in power series leads to
which is equivalent to c i-' < 1 Since this inequality holds for all i E N, it follows that (3) is valid for all i E JO, a [.
II=, where C,=A, and Cn+,= B,, (n E N). In order to prove that, we fix an XEX and put CI= (A S, B)(x). If c(< 1, then A,(x)dcc< 1 for all no N because of (2) . Let c be a number in [0, a[ such that (3) 
j=l lc=s
For n = 2 this follows from part (a). Suppose we have proved (6) for n E N. Then we get, again using part (a), = S,E,,,,=";l Ej.
j=f Now, because of (6) with a(i) E (0, l> for 1 di<k, and /cEN. Vi"] is contained in F ", and hence in F-. Since F contains the constant fuzzy subsets ApI, and since it is a T,-clan (cf. Theorem 1.5), it follows that U, E F. Now it is a matter of computation to check that (9) where Win'= {xEX; (k-1)/2"<A(x)<k/2") if k < 2", = {XEX; (2"-1)/2"<A(x)} otherwise.
Since the functions on the right-hand side of (9) (ii) By virtue of Theorem 1.5, in Theorem 2.2 the condition "F contains all the constant fuzzy subsets of x" can be replaced by the condition "F contains a sequence {AnIneN of constant fuzzy subsets of X with A,(x) = l/z" (n E fV), where z > 2 is an integer."
In order to introduce the important concept of disjointness of fuzzy subsets with respect to r-norms, let X be a nonempty set, T a t-norm and S its corresponding t-conorm. Afinitefamily of fuzzy subsets A,, A 2, . . . . A,, of X is said to be T-disjoint if (ii) The definition of T-disjointness does not depend on the order in which the fuzzy subsets {Aj}ic N are numbered, i.e., if rt is a permutation of IV and {Aj}iEN is T-disjoint so is {A,(,,},,N. Different t-norms may lead to different concepts of "disjointness." However, for some classes of t-norms the corresponding "disjointness" concepts do not depend on the choice of the t-norm in that class.
2.5 EXAMPLE. Let {Aj}jeN be a countable family of fuzzy subsets.
(i) If all Aj are (characteristic functions of) ordinary sets then T-disjointness is .equivalent with pairwise disjointness with respect to any t-norm.
(ii) T-disjointness implies pairwise T-disjointness according to 2.4 (i), but the converse is not generally true: if we take A, = i for i= 1,2, 3, then A,, AZ, A3 are pairwise T,-disjoint, but they are not T,-disjoint.
(iii) For SE [0, co[ we get: (Aj},EN is T,-disjoint if and only if each x is "contained" in at most one A, (that is if and only if Ak(x) > 0 for at most one k).
(iv) IV-disjointness of { Aj}j, N means that for each x E X exactly one of the following conditions holds:
(1) There is at most one k E N such that Ak(x) = 1. SiE,Ai=Cie,Ai.
Proof: (i) =P (ii) is an immediate consequence of Remark 2.4 (i).
(ii) =S (iii). Using (1) we have
which implies i Ai=kS1 A,+A,.
i= 1 i=l
Repeating this (k-1) times gives the desired result.
(iii)*(iv Now, put k = n and j < n -1. If j = n -1 we obtain the desired result from (13) . Ifj<n-1, compute Sisck, Ai using ( 13), and insert it in ( 13) again. Continue until j = k -1, and this gives again the desired result.
(iv) * (i). For 1 <k 6 n put I, = { 1, 2, . . . . n}\(k). Then because of (1) we have (ii) From Proposition 2.6 and Corollary 2.7 we know that if T and its corresponding t-conorm S satisfy (1) and if {A,} jEJ is T-disjoint, then CisJ Ai < 1. However, the converse is not generally true (see Example 2.5(iii)).
(iii) The requirement that T and S satisfy (1) cannot be dropped in Proposition 2.6 and in Corollary 2.7. If, for instance, we take S= V and T= W, then the conditions (i), (ii), and (iii) are no longer equivalent.
T-MEASURES AND A FIRST REPRESENTATION THEOREM
Throughout this paragraph let X be a nonempty set, T a t-norm, and S its corresponding t-conorm. (20) then (19) implies (17) 
INTEGRAL REPRESENTATION OF T x-M~~~~~~~
The First Representation Theorem shows that monotone finite measures based on fundamental t-norms T and defined on generated T-tribes can be represented as integrals of Markov kernels. It is clear that this holds for T = T,, too. However, in this particular case the condition that Y must be generated can be dropped. This is a consequence of the results of [S] showing that for finite T, -measures on T, -tribes nonnegativity implies continuity in the sense of ({A,},,,,c3andJ[r A,=A)a lim y(A,)=m(A), (22) t1 -+ % and that nonnegativity is equivalent to monotonicity. The following Representation Theorem of T, -measures is essentially Theorem 2.6 (c) of Butnariu [lo] . We present it here with an alternative proof. The first assertion follows from Theorem 2.1. The second results from the fact that for any ME F " we have AJ4= A T, MET. Now, in order to prove (24) it is suflicient to show that it holds for any A in F and for any ~1, p in [O, 11, where CI < b and CI = a with a of the form (8) . Indeed, if (24) is true in this case, then for any 0 < c( < fi < 1 we can find a sequence bz~".N which is nonnegative, nondecreasing, and convergent to a, and such that each a, is of the form (8) . Using the continuity of m we get a. ti(A,@) = lim a, . ti(Aan,,) < lim m (A . A,,,a) = m(A . A,,) , n-m n-t'x since in our setting we have Aan,, 1 A,,,. Let us assume a = a, where a is of the form (8) . If a = 0 there is nothing to prove. Suppose a > 0. In this situation we proceed by induction upon the number k involved in (8) . If k = 1, then a = 0 or a = 4. In the first case (24) by the monotonicity and additivity of m (see [S] ). This implies (24) in this specific case. 
The first two assertions are obvious. To prove (30) (ii) For fundamental c-norms T, with SE 10, co[ and generated T,-tribes, one can also specify the form of the Markov kernel involved in (21) . To be precise, it was shown in [24] 
DECOMPOSITIONS OF T-MEASURES
According to (32) , finite monotone measures m, based on fundamental t-norms T, with SE 10, co], on generated tribes differ from T,-measures (i.e., from integrals, according to Theorem 4.2) by functions of the form A -+S{A>O) f dti, which are also monotone finite T,-measures. The question is now how much a T,-measure, defined on a nongenerated T,-tribe, differs from a T,-measure (i.e., an integral). To this end observe that F is a T,-tribe (cf. Theorem 1.5) and that moo is a T, -measure on F. Hence, according to Theorem 4.1, moo can be written as (ii) If in Proposition 5.1 one assumes the T,-tribe F to be generated, then (34) holds for any M in F (and not only for A4 in the a-algebra F "). Indeed, this follows comparing (32) with (34) and (35) , and keeping in mind that the function f in (32) must be rii-a.e. unique. A T,-measure m on 9, which can be represented in the form (39) by some nonnegative measure @ on Y " and by some pair (g, h) of nonnegative Y " -measurable functions on X, is said to be generated (by p, g and h).
It follows from [24] (see Remark 4.2) that if F is generated then all finite monotone T,-measures with s E 10, cc [ on r are generated. From Theorem 4.2 we already know that the TX-measures on 7 are generated, even when 5 is not generated. Thus, it is natural to ask whether, in general, T,-measures on T,-tribes are always generated. In order to answer this question, we define a T,-measure m on the T,-tribe Y to be monotonically irreducible, if it is monotone and if there is no nonidentically zero generated T,, -measure q on F such that m -q is monotone on 9. Now, it is obvious that a T,-measure m on Y is generated if and only if it can be extended to a T,-measure on the generated T,-tribe (Y ") * (since, if m is generated then (39) defines m on (Y ") h, the converse following from Theorem 5.1). By contrast, monotonically irreducible T,-measures, except for the trivial one, are not generated and, hence, they cannot be extended to (Y " ) ". 
Proof If s = + co, then the result follows from Theorem 4.1 putting g(x) = 0, h(x) = 1 for x E X and m* = 0. Assume s E 10, CC [. In this case the theorem is proved in several steps. Claim 1. If p is a finite monotone T,-measure on Y-, then there exists a unique finite monotone T,-measure Ip( on the generated T,-tribe (F " ) A which is monotonically maximal in the sense that for any T,-measure p' on (Y " ) h, for which p-p' is monotone on f, the difference (p( -p' is also monotone on (Y " ) A.
In order to prove that, denote by N(p) the family of all T,-measures q on (Y " ) h such that p -q is monotone on Y. This family is partially ordered by the dominance relation defined by q~q'oq-q'ismonotoneon(~v)A.
Let hAeJ be a chain in N(p) with respect to the partial order (41) 
